MIXED LINEAR INTEGRAL EQUATIONS OF THE FIRST ORDER*®

BY

WALLIE ABRAHAM HURWITZ

In a previous paper, the author has defined a mixed} integral equation
as an equation in which an unknown function may be involved under integral
signs operating over regions of different numbers of dimensions and in which
the value of the function at special points may occur. The highest number
of dimensions of any integral was called the order of the equation. A theorem
was proved concerning mixed linear equations of the first order. It is the
purpose of the present paper to give a systematic treatment of this case.§
A complete theory of a special form of such equations, together with interesting
applications to physical problems, has been given by Kneser. ||

Mixed linear integral equations are of interest, not only because they present
themselves naturally in the attempt to solve certain problems in connection
with differential equations, but also because they furnish another chapter
in the theory of equations involving linear operations. As might be expected,
they follow closely the analogy of linear algebraic equations and pure linear
integral equations; but the generalizations necessary to exhibit the analogy
are sometimes by no means trivial. Thus, a certain lack of symmetry pointed
out at the close of the earlier paper has now been removed by the device of
considering as adjoint to the given equation (which involves one function as
the only unknown) a system of equations, involving one unknown function
and several unknown constants.

1. We consider the homogeneous mixed linear integral equation

b

1) u(x) = iK(i)(x)u(E;) + . K(x,s)u(s)ds

* Presented to the Society, December 31, 1912.

tBulletin of the American Mathematical Society, vol. 18 (1912),
p. 291.

1 The term “mixed equation " has been used in a different sense by Bratu, Paris C om p-
tes Rendus, vol. 148 (1909), p. 1370.

§ The next higher case, in which appear integrals over two- and one-dimensional regions,
as well as values of the function at special points, has been studied by Dr. J. Rosenbaum, in a
paper to be published soon.

IRendiconti del Circolo Matematico di Palermo, vol. 37 (1914),
p. 169. In terms of the notation of the present paper, the special case considered by Kneser
is that in which K (x) = M; K (z, &), where the quantities M; are positive constants.
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and the non-homogeneous equation

@ w@) =i+ KO (@)u) + [ Kz, 9)uls)ds.

The points £, &, ---, £En are any distinet points of the interval a = 2 = b.
The given functions f(z), K® (z), ---, K™ (z) will be assumed to be
continuous, ¢ = « = b; and the function K(x, y) will be assumed to be
continuous,a = x =b,a =y =b. We speak of the set of functions

[K(z,y); K9(2), -+, K™ (2)]

as the kernel system of the equations (1), (2). By a solution u (x) we shall
understand without further specification a continuous solution. The solution
u(x) = 0 of (1) will be termed a trivial solution.

It is convenient to consider with equations (1), (2) the adjoint homogeneous
system of equations

m

2(y) = 200 K (8, 9) + [ 0()K (5, 9)ds,

i=1
(1,) m ob
v<P>=Zv“’K<P"(£,~)+ v(s)K® (s)ds
= ‘ (p=1,2,:--,m)
and the non-homogeneous system

2(1) =g (1) + 20O K (5, 1) + [ 0()K (9, 9)ds,

(2"
@ = g@ 4 Zv“’ K®(E)+ | v(s)K® (s)ds
= ‘ (p=1721°":m)'
Here g (y) is a given continuous function, ¢ =y = b, and ¢g@®, ---, g™

are given constants. By a solution is understood a system consisting of a
continuous function v(y) and m constants »@, ... ™ satisfying the
equations. We term the solution of (1)

”(y)=0, ’v(l)=...=v(m)=0

a trivial solution. If a number of solutions are so related that a linear combi-
nation of them, not all coefficients being equal to zero, yields a trivial solution,
they are said to be linearly dependent;* otherwise linearly independent.

Let the normal orthogonal sets of principal solutions for K (z, y) regarded
as kernel of a pure integral equation be ¢1(x), +++, dpu(x); Y2 (y), -+,
¥n (y); then

* The same constant multipliers must be used for the functions contained in the solutions
as for the sets of constants.
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b

$i(2) = | Kz, )¢:(s)ds  G=1,2,,m),
b

bW = [ WEOKG e G12m,

[asora = bow@es={]117

The case in which no principal solutions exist is included by making the
evident interpretation of the symbols involved when n = 0.
There exists a continuous function % (z, y) such thatt

B, 9) = Kz, 0) + [ K@, 0)k(s,0)ds = S (005 (0),

b w) = K@ p) + [ k@ 0K, 0)d = Loi)e5(0).
The equation

b
® u(z) =f(&) + [ K(z,o)u(s)ds
has no solutions unless
@ [v)f@rin=0 =12, 00w
if this condition is satisfied, solutions exist and may be written in the form

b n
© u(@) = 1) + [ Ba, )] ()ds + Loy (a),
where a;, - -+, a, are constants. Similarly the equation
b

®) v =g () + [ v()K (s, y)ds
has no solutions unless ,
@) [ o()ds02ds = 0 =12, m;

if this condition is satisfied, solutions exist and may be written in the form

&) e =ew)+ [ v kG B+ Tk ),

where by, ---, b, are constants.
2. THEOREM I. Any solution u (x) of (1) vs expressible in the form

© (@) =S| Ko@) + [k, KOs |+ EB 42,

t W. A. Hurwitz, these Transactions, vol. 13 (1912), p. 408.
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where the m 4+ n constants Ay, -+, Am; By, -+, B. satisfy the system of
m + n linear algebraic equations:

m

(7) ZAi.f ll/q(S)K(i)(S)d\?:O (q=1,2,"',");

i=1

4y + S a KO @) + [ k(6 ) KO ()@ |+ EBias(5) = 0
(p=1,2,.--,m).

Conversely, if A1, -+, Am; B1, -+, B, satisfy (7), the function w(x) given
by (6) s a solution of (1).

To prove the first part of the theorem, suppose that (1) possesses a solution
u(2), and write u (£) = A4;; we have then

8) u(x) =§A5K(")(1)+ bK(x,s)u(.s')ds.

Conditions (4) yield the first set of equations (7). If we next write out u (x)
by use of (5), we have (6), and the substitution of £, for x then gives the
last set of (7). Conversely, if [A4;, -+, Am; Bi, --+, B,] represents a
solution of (7), then the first set of (7) furnishes a sufficient condition that
u () should satisfy (8); the second set shows that u (£,) = 4,, thus identi-
fying (8) with (1).

CoroLLARY 1. The correspondence between solutions of (1) and solutions
of (7) 18 unique.

This statement will be proved if we demonstrate the following:

CoroLLARY II. To a trivial solution of (1) corresponds a trivial solution
of (7); and conversely.

That a trivial solution of (7) leads to a trivial solution of (1) is evident from
the form of (6). To prove the other part of the proposition, suppose in (6)
u(x) = 0;thenasu (&) = 4,,

A, =0 (p=1,2,--+,m),
and
0= ;B,' ¢; ()5
therefore on account of the linear independence of ¢i(x), - -, ¢n(2),
B,=0(¢g=1,2,---,n).

As an immediate deduction, we have

CoroLLARY III. To linearly independent solutions of (1) correspond linearly
independent solutions of (7); and conversely.

3. Turning now to the adjoint system (1’), we find similarly
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THEOREM I'. Any solution [v(y); v®@, ---, v™] of (1) s expressible in
the form

0(9) = 2 C¥s(9) + L Dik (8,9,

/D(P) —_ Dp

(6) (p=1,2,---,m),

where the m + n constants Cy, -+, Cu; Dy, -+, Dy, satisfy the system of
m + n linear algebraic equations:

icj b'Pj(-?)K(”) (s)ds — D, + iDi[K(’)(Ei)

J=1
b
(7,) +f k(fz,\?)K(”)(s)dS]=O (p=112;"';m)7
;Di¢q(g,~)=0 (g=1,2,:-,n).

Conversely, if Cy, ---, Cn; Dy, -, Dy, satisfy (77), the system
[U(Zl); v(l)’ R} ,v(m)]

given by (6") is a solution of (1').
As before, suppose that we have a solution of (1’), and write v = D, as
in (6’). Then

n b
®) 2(9) = SDiK (5, 9) + [ o()K (s, y)ds.
The condition (4’) that (8’) be possible gives the last set of (7/). Then writing

out the value of v (y) by (5’) and also applying the relation between k (z, y)
and K (z, y),

2@ = E0| Kt w) + [ K0k, |+ 506 w)

a

= EDk (5, 0) + 5 ZD (Eh() + S G0 )

=§mu&w+§@mw,

as demanded by (6’). Substitution of the forms for »(y) and »® in the
second equation of (1’) now yields the first set of (7'). The converse is also
readily shown, as in the previous case. We have further, in analogy with
the earlier results:

CoroLLARY I. The correspondence between solutions of (1’) and solutions
of (7') s unique.

CoroLLARY II. To a trivial solution of (1’) corresponds a trivial solution
of (7'); and conversely.



126 W. A. HURWITZ: [April

CoroLLARY III. To Uinearly independent solutions of (1’) correspond
linearly independent solutions of (7'); and conversely.

4. We have thus reduced the study of solutions of (1), (1') to the study
of solutions of the systems of linear homogeneous algebraic equations (7),
(7") respectively. The number of linearly independent solutions is in each
case finite, being limited by the number of equations. Furthermore, the
matrices of the coefficients of (7) and (7’) are conjugate.* Thus the existence
of a non-trivial solution of either implies the existence of a non-trivial solution
of the other, and both possess the same number of linearly independent
solutions. We restate these facts for (1), (1'):

TuaeoreM II. If either equation (1) or system (1') possesses a non-trivial
solution, the other possesses a non-trivial solution; each possesses a finite number
of linearly independent solutions, and the number is the same in both cases.t

5. If we apply the process used in the proof of Theorem I to the non-homo-
geneous equation (2), we obtain in place of (7) a non-homogeneous algebraic
system for Ay, -+-, Am; B1, -+, Bn, the matrix of the coefficients being
the same as in (7). If (1) possesses no non-trivial solutions, then (7) possesses
no non-trivial solutions; hence the corresponding non-homogeneous algebraic
system possesses one and only one solution, and therefore (2) possesses one
and only one solution. Similarly, we see that if (1’) has no non-trivial solu-
tions, (2’) has one and only one solution.

From the method just described by which the solutions may be obtained
it is evident that in case the function f(z) of (2), or the function g (y) and
constants ¢, ..., g™ of (2’) contain parameters, the solutions will be
continuous functions of all variables involved so long as the same is true of
the given functions.

In equation (2), write f(z) = K(z,y), regarding y as a parameter;
calling the solution u(z) = @ (=, y), we see that in case (1) has no non-
trivial solutions, there exists a continuous function @ (z, y), such that

O Q9 =Kz, y) + LK @@y + [ K(z,9)Qs, y)ds.

Again, writing f(2) = K® (a), we demonstrate the existence of continuous
functions @® (z), such that

10 Q9 (2) = K9 (2) + S KO ()@ (5 + [ K (2,09 (2)ds.

In the same manner, writing in (2') g(y) = K(z,y), ¢® = K® (z),

* This fact and its consequences justify the designation of the system (1’) as adjoint to
the equation (1).

t It may be readily shown that the number » of linearly independent solutions satisfies
the conditior n — m=v=n +m.
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where x is to be regarded as a parameter, we see that there exist continuous
functions R (x, y), R® (x), such that

@) R(z,9) = K(2,9)+ L RO (K (5,9 + [ R(z,0)K(s,y)ds,

(10/) R(p)(x) = K(p)(x) +iR(i)(x)K(p)(&) +be(x,s)K(1’)(3)ds.

The formule (9), (10), (9"), (10") are generalizations of the familiar resolvent
formule of pure integral equations. It will shortly be seen that the functions
R and @ are identical; postponing the proof of this fact, we show how the
solutions of (2), (2’) may be expressed in terms of them. Starting with
equation (2), which we know to possess a solution, compute directly by
substitution of the right-hand side of (2) for u (2) the expression

SR (@)ult) + [ Bz, o)uls)ds

after simplifying by use of (9’), (10’), as in the case of pure integral equations,
we find

S KO (2)ule) + [ Kz, n)ule)ds

= S RO@7 () + [ Rz, 9)f(5)ds.
Hence the solution of (2) is

(11) u(z) = f(x) +gR“)(x)f($i) +‘£ R(z,s)f(s)ds.

Similarly the solution of (2) is given by the formule:

@) = 9 + 29 Q1) + [ 9@, 1) ds,
(1) ,,
»® =g<p)+;g(i> Q(p)(fi)"'f g(s)Q® (s)ds
) ’ (p=1,2,,m).

We may prove the identity of the functions @, R, as follows. Equations
(9"), (10’) together constitute a system of the form (2), the unknowns being

v(y) = R(x,y), @ =R®(x),
and the known functions

g(y)'__K(x)y)’ g(p) =K(p)(x).

Trans. Am. Math. Soc. 9



128 W. A. HURWITZ: [April

Writing out the solution in the form (11’),

R(z,9) = K(2,9) + L KO (@)@, 9) + [ K(2,9)Q0,9)ds,

R (2) = KO (2) + 32 KO ()@ (8) + [ K(z,2)Q9 (2)ds
) ’ (p=1,2,,m);

but the right-hand sides of these equations are equal respectively to the values
given by (9) and (10) for @ (z, y) and QP (x).

6. We collect the results just deduced in the following theorem:

TreoreM III. If (1), (1') have no non~trivial solutions, then there exists a

resolvent system
[Q(z,9); Q¥ (x), --+, Q™ ()]
to the kernel system

[K(z,y); K®(z), ---, K™ (2)],
satisfying the relations

Qz,) = K(2,9) + LK @)Q, 1) + [ K(2,9)Q, 9)ds,

Qe 9) = K(2,9) + QO (K (5, 9) + [ Q(z,0)K (5,9,
12)

Q(p)(x) = K(p)(x) + gK(i)(it)Q(p)(fi) +fbK(x’ S)Q(p) (8)d8,

Q¥ (2) = KO (2) + 350 () K9 (8) + [ Q(z, 8)K® (s)ds

(p = 172) "'7m)-
Furthermore, (2) possesses one and only one solution:

) w@) =i + 2O @) + [ Q) ()ds

and (2') possesses one and only one solution:

2(®) =93 + 209 QU 9) + [ 0(0Qs, 1)ds,
() i ;“
@ = ¢g@ +Z;g<i> Q@ (&) _|_f 9(3)Q® (s)ds
) ‘ (p=1,2,:---,m).

7. We proceed now to study the case in which (1), (1’) possess non-trivial
solutions. Let a complete set of linearly independent solutions of (1) be

u(x), ---,u,(x).
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By following out the form of proof used ordinarily in replacing a set of functions
by a normal orthogonal set, we see that by proper linear combination the
set of solutions may be made to satisfy the conditions:

Similarly, it is possible so to ehoose the v linearly independent solutions of (1"):
[vl(y); vgl): Tty ’ng)])

[o2(y); 280, -+, o],

[vv(y); vgl)’ ] _vf’m)]’
that ,
, N 6 (i 0,p%+7.
(13") Iv,(s)vp(s)&+§lv§’v§)={l’ o =.

THEOREM IV.* Corresponding to any complete set of linearly independent
solutions u,(z) (y =1,2, ---,») of (1), it s possible to select a set of col-
lections of the form

(U, (y); UP, -, UM (v=1,2,-,%)
each consisting of one continuous function and m constants, such that
m ) -0’ )
(14) f“v(s)Up(‘?)ds‘l‘Zu.,(&)Ug)= Pi:'Y
a =1 1, p=.

Corresponding to any complete set of linearly independent solutions
[v'y(y); v-(yl)) Ct 'D(ym)] (y=1,2,:--,»)

of (1), it 1s possible to select a set of continuous functions V,(z) (v =1, 2,
«ee,v), such that

- . 0 .
(14) | RACIROIIS ATV B
a i=1 y P=7.

It is sufficient to show that the theorem holds for a single complete set of
solutions of each equation; for to any linear transformation of the functions
u,(z) we may evidently choose an appropriate linear transformation of
the sets [U, (y); U, -+, U], so that the relations (14) remain unaltered;
and to any linear transformation of the sets [v,(y); v, -+ -, ¥{”] we may
choose a linear transformation of the functions V, (2) so that the relations

* The conditions (13), (13’), corresponding to orthogonality, are not sufficient for the
completion of the theory. We therefore establish in Theorem IV certain conditions analogous
to “biorthogonality’’ of ordinary functions.
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(14’) remain unaltered. We therefore assume that the solutions have been
so selected as to satisfy (13), (13').

Slight consideration shows that the sets of U’s may then be selected in a
large variety of ways; for the proof of the theorem it will suffice to assign one
choice satisfying the conditions. This is accomplished by taking

(15) Uo(y) =w(y), UP=u(&).

Similarly for the second part of the theorem take

(15 v, (z) =iK<i>(m)vg>+fbK(x,s)v,,(s)ds.

i=1

8. THEOREM V. There exists a pseudo-resolvent system

[Q(x,9); Q¥ (x), -+, Q™ ()]

to the kernel system

[K(x,y); KV (2), -+, K™ ()],
such that

Qz,v) = K(z,9) + L KO (2)Q(8,7)
+ [ K@ 96, nds - L7, 5w,
Qz,y) = K(2,9) + 20 ()K (4,9)

" + [ @ K6 b - Zu @) T,

Q9 (2) = K () + L KO ()@ ()
+£}w»wwma—§muw%
QP (2) = K9 (2) + 2 9 () K® (5)
+ [ Q@ KO )@ - D2 U

(p=1,2,.--,m).

The proof is similar to that used by the author in the case of pure integral
equations.* Define the new kernel system:

* Loc. cit., p. 408.
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L(z,9) = K(2,9) = LV, () T, (),
(7) i
L® (z) = K®(2) = 2V, (2)UP  (p=1,2,-,m).
y=1

By (17), (1), (1), (14), (14’), we have the identities:

(18) be(:c, 8)u,(s)ds + éL@(m)uP(&) =u,(z) =V, ()
(p=1,2,:--,»);

b m
[ L b+ a2 Lt 1) =) = U, (0,
(18" , m
f v, (8)L® (s)ds + Evﬁi)L“’) (&) = o — UP
¢ = (p=1,2,++,9 p=1,2,--,m).
An equation of the same form as (1’) with the kernel system (17):

w(z) =2 LD (2)u(t) +f L(z,s)u(s)ds

i=1

has no non-trivial solution. For from this equation follows by (18’), on
applying to both sides the operation indicated by

fovp(s)u(s)ds + gvff)u(fi),

the relation
b m

(19) fU,,(s)u(s)ds+ZU§,‘>u(g,~)=0 (p=1,2,--,»).
a i=1

Substituting in the integral equation the values of the new kernel system
and simplifying by (19), we find that

m

u(z) = SO @u(t) + [ Kz, 9)ulo)d.

I3

Hence u (x) is a linear combination of u; (x), ---, u, (2):

u(z) =cru(x)+ - +c,u ().
By (14),

b n
f Up('g)u(s)d'g'l"zU(pi)u(gi):cp (p=1,2,:+-,»),
“Ja i=1

and by (19),
cp=0 (p=1,2,.-4,»).

Thus u (z) is identically zero, as we wished to show.
Since there are no non-trivial solutions for the kernel system
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[L(x’ ?/)§ L® (x): ) Lt (x)])
there exists a resolvent system

[Q(x,9); Q¥ (), -+, Q™ (2)],
such that

Q#,3) = L(z,) + L L (2)Q (5, 7) + [ L e v,

Qz,9) = L(z,1) + 2@ () Lk, ) + [ @z, ) Lis, v)ds,
(20) . ;
QP (2) = L% (2) + L0 (2)QW (&) + [ L(z,5)Q® (s)ds,

m b
Q9 (2) = L (2) + 2.0 (2) L9 (&) + [ Q(z, 9) L0 (a)ds
i=1 oJa
(p= 1,2,.--,m).
To the first equation apply the operation indicated by

f v,,<s)Q<s,y>ds+gv;%z(a,y);

after simplifying by (18'), we find

b m
e [0 9d+E U9, 1) = 5,w) - U,()
(p=1,2,:--,»).
Writing out the values of the L’s in the first equation of (20), and simplifying
by (21), we have the first equation of (16). An entirely analogous set of

operations on the third equation of (20) yields the third equation of (16).
Again, operate on the second and fourth equations of (20) as indicated by

[ e, 9)u,()ds + 00 (21w, (50
simplifying by (18), we have

[e@ 07+ 200 @), 8 = 4,() - U, ()
(p=1,2,:-,7);

substituting this result in the forms obtained by writing out the values of
the L’s in the second and fourth equations of (20), we have the second and
fourth equations of (16).

9. By means of the pseudo-resolvent system we can complete the theory
of the solution in the non-homogeneous case, as follows:
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THEOREM V1. In order that (2) possess a solution it is necessary and sufficient
that

fbvy(s)f(s)d‘?'l-gvsy‘)f(gi) =0 (7=1y2"": ")o

If this condition s satisfied, every solution may be written in the form:

u(e) = () + 500 @ (8) + [ Qe, ) (2)ds + Loy (2).

TueorEM VI'. In order that (2') possess a solution it is mecessary and
sufficient that

b m
f g(8)uy(8)ds + 2 gD u, (&) =0 (v=1,2,-+,»).
a i=1

If this condition is satisfied, every solution may be written in the form:

°W) = 9 + L9 Qe 1) + [ 90100, 1) ds + Sy, (0),

m b v
@ = ¢g® +fV_‘{g(i) Q@ (&) +f g(8)Q® (s)ds + Elcyv(;’)
= a Y=
(P=1»2;"‘,m)-

The proof of these two theorems follows the same lines as that of the corre-
sponding developments in the case of pure equations.*

* W. A. Hurwitz, loc. cit., p. 409.

CorNELL UNIVERSITY,
July, 1914,




